Alternative methods for determining the critical micelle concentration (cmc) are investigated using canonical and grand canonical Monte Carlo simulations of a lattice surfactant model. A common measure of the cmc is the "free" (unassociated) surfactant concentration in the presence of micellar aggregates. Many prior simulations of micellizing systems have observed a decrease in the free surfactant concentration with overall surfactant loading for both ionic and nonionic surfactants, contrary to theoretical expectations from mass-action models of aggregation. In the present study, we investigate a simple lattice nonionic surfactant model in implicit solvent, for which highly reproducible simulations are possible in both the canonical (NVT) and grand canonical (µVT) ensembles. We confirm the previously observed decrease of free surfactant concentration at higher overall loadings and propose an algorithm for the precise calculation of the excluded volume and effective concentration of unassociated surfactant molecules in the accessible volume of the solution. We find that the cmc can be obtained by correcting the free surfactant concentration for volume exclusion effects resulting from the presence of micellar aggregates. We also develop an improved method for determination of the cmc based on the maximum in curvature for the osmotic pressure curve determined from µVT simulations. Excellent agreement in cmc and other micellar properties between NVT and µVT simulations of different system sizes is observed. The methodological developments in this work are broadly applicable to simulations of aggregating systems using any type of surfactant model (atomistic/coarse grained) or solvent description (explicit/implicit). C 2016 AIP Publishing LLC. [http://dx
I. INTRODUCTION
The formation of long-lived micellar aggregates in surfactant solutions causes a transition in many of their properties, such as the conductivity, surface tension, and osmotic pressure. The concentration of free, unassociated surfactant molecules in solution is of central importance in the theoretical description and physical understanding of micellization. 1 A common assumption is that the concentration of free surfactants is constant above the micellar transition, at which aggregates start forming in solution. This transition concentration is known as the critical micelle concentration (cmc). This approximation of the cmc is used in many experimental techniques -for example, specific conductivity, 2 nuclear magnetic resonance, 3 time-dependent static light scattering, 4 steady-state fluorescence quenching, 5, 6 and time-resolved fluorescence quenching 6 measurements use models that assume a constant free surfactant concentration to calculate micellar aggregation numbers. Similarly, many simulation studies obtain the cmc from the concentration of free surfactants. 7, 8 Explicit-solvent simulations are often restricted to measuring the cmc this way because low concentrations are not tractable for strongly micellizing systems. 7, [9] [10] [11] For ionic surfactants, it is now widely accepted that there are significant changes in the free surfactant concentration a) Author to whom correspondence should be addressed. Electronic mail:
azp@princeton.edu as the total surfactant loading is increased above the cmc. This is confirmed by experiments, 12-14 simulations [15] [16] [17] [18] [19] and theory. [20] [21] [22] The free surfactant concentration goes through a maximum near the cmc and then decreases at higher overall loadings. Recent simulations of sodium octyl sulfate 18 illustrate how dramatic this effect is: the free surfactant concentration was observed to be ten times lower at a total concentration of 1M versus its value at 250 mM. The main reason for this decrease in free surfactant concentration for ionic surfactants is the changing ionic strength of the solution at higher loadings. 13 The correction initially proposed for experiments 12, 13 has also been implemented in simulations 9, [18] [19] [20] and justified from theory. 20 The magnitude of the decrease in free surfactant concentration for nonionic surfactants is significantly smaller than for ionic surfactants and still somewhat controversial. Mass-action theory for micellization predicts a monotonic increase of the free surfactant concentration above the cmc. [23] [24] [25] However, a clear decrease in free surfactant concentration above the cmc has been observed in several simulation studies of nonionic surfactants. 15, [26] [27] [28] [29] [30] [31] [32] The main objective of the present work is to clarify the situation with respect to this decrease through the use of large-scale simulations of a simple model nonionic surfactant (also used in several prior studies) and to test the hypothesis that the main contributor to this decrease is the solution volume made inaccessible to free surfactants by micellar aggregates. The method used to calculate the solution volume made inaccessible to free surfactants is described in Section II C, and the results are presented in Section III C. A correction to the free surfactant concentration for these volume exclusion effects would lead to reliable methods to obtain the cmc from simulations at high loadings.
There are alternative methods for the calculation of the cmc from simulations that do not rely on the free surfactant concentration. Specifically, at sufficiently high temperatures (or for weakly micellizing systems), the equilibrium aggregation number distribution for micelles can be calculated from the molecular positions that are trivially recorded in simulations. The lowest concentration with a micellar peak in the distribution provides a cmc calculation method. 1, [32] [33] [34] [35] [36] The cmc can also be obtained from the osmotic pressure of the solution. This method is occasionally used in experimental studies. 15, 37, 38 In simulations, the osmotic pressure is readily available from the partition function generated via histogram reweighting in the grand-canonical ensemble. [39] [40] [41] In Section III A these alternative methods are compared, specifically the osmotic pressure, aggregation number distribution, and free surfactant concentration for a well-controlled model system.
Temperature has a complex impact on micellizing systems. 20, 42, 43 Experimental studies of many different nonionic surfactants, using a variety of techniques, show a minimum in the cmc with respect to temperature. [43] [44] [45] [46] [47] The cmc of nonionic surfactants calculated from implicit-solvent simulations monotonically increases with temperature, 39 unless there is a temperature dependent parameter. 20, 42 For both experiments 43, 46 and simulations, 39, 48, 49 the transition of the measured properties becomes unclear at high temperatures. Experimental studies of the temperature effect on the cmc typically stay within a temperature range corresponding to strong micellization, since micelles are easier to detect at these conditions. 2, 14, 43 The smaller aggregates that form at higher temperatures generally result in a weak response in techniques such as titration calorimetry. 43 By contrast, it is relatively easy to obtain aggregation data at elevated temperatures from simulations. At high temperatures the mobility is higher and it is easier to overcome free energy barriers to aggregate breakup, while at low temperatures hysteresis between micellar and free states makes equilibration difficult. In prior simulations of nonionic surfactants it has been observed that as temperature increases, nonionic surfactant aggregates shrink in size until the system no longer has an identifiable micellization transition. 26, 28, 39 Another objective of the present study is to analyze micellar behavior near the upper temperature limit for micellization. Section III B addresses this objective.
II. METHODS

A. Surfactant model
Surfactants were modeled using the Larson et al. implicitsolvent lattice model. 50 In this model, space is discretized onto a 3-dimensional simple cubic lattice. The aggregation behavior of this model has been extensively studied by simulations.
27-29,39,51-58 The present study focuses on the first micellar transition to roughly spherical aggregates. We chose to study the H 4 T 4 surfactant, composed of 4 solvophilic "head" (H) beads and 4 solvophobic "tail" (T) beads, because there are several prior cmc estimates as a function of temperature. 27, 39, 40 Bonds connecting successive surfactant beads can be along vectors (0,0,1), (0,1,1), and (1,1,1) on the lattice, as well as their reflections with respect to the principal axes, resulting in 26 possible directions at distances from 1 to √ 3 in units of the lattice spacing. These directions also define locations for possible interactions of non-bonded T sites, which have a strength of ϵ T,T = −2 in reduced units. All other interactions are set to zero. Each lattice site can only be occupied by one bead. Empty sites on the lattice can be considered occupied by a monomeric (implicit) solvent. Temperature is defined with respect to the same energy scale as the nearest-neighbor interactions.
B. Monte Carlo (MC) simulations
MC simulations were performed in the canonical (NVT) and grand-canonical (µVT) ensembles. The use of both ensembles served as a consistency check to ensure that the decrease of the free oligomer volume fraction (ϕ) observed does correspond to equilibrium behavior. Structural properties were measured using box lengths (L) of 40 and 60 lattice sites to test for system-size effects. These "large-scale" simulations are distinct from those used with histogram reweighting for the osmotic pressure calculations, which have smaller system sizes and are described later in this section. Temperatures (T) were varied from 6.5 to 10.5 in reduced units. Over this interval, the H 4 T 4 surfactant transitions from strongly micellizing to weakly micellizing to non-micellizing behavior as temperature is increased. 39, 40 Every NVT simulation state point was run with both a preformed micellar initial configuration and with a gaslike initial configuration. Similarly, all µVT simulations were run with both high number of surfactants (N) (with preformed micelles present) and low N (gas-like) initial configurations. The variations in initial configuration and initial concentration for µVT were performed to check for hysteresis effects. Simulations were equilibrated for 10 7 -10 10 MC steps. Approach to equilibrium was determined by a plateau in the N and the energy (U) values. Another condition for equilibrium was the agreement of the aggregation number distribution of simulations starting from a micellar and gas-like state. As expected, fewer Monte Carlo steps were needed for simulations initialized with near-equilibrium configurations. Production data were generated from 10 10 MC steps beyond the equilibration period. The MC move mix was 60% insertions/deletions, 39.5% reptations 59 and 0.5% cluster center-of-mass displacements in the µVT ensemble. In the NVT ensemble, the mix of moves was 99.5% reptations and 0.5% cluster center-of-mass displacements. Insertion moves were performed by regrowing the surfactant using configurational-bias. 60 Large-scale (L = 40 or 60) simulations at temperatures below 6.5 do not reach equilibrium using the methodology described. This happens despite the large number of MC steps used, because of the very strong hysteresis and low probability of displacing/inserting a surfactant into or out off an existing micelle. The free surfactant concentration is especially sensitive to hysteresis; however, as shown in Section III C, the free surfactant volume fraction dependence becomes less pronounced at low temperatures.
Histogram reweighting was used to calculate the thermodynamic properties from µVT simulations in small systems with L = 15 and L = 20, as follows. Over the course of a simulation, the number of surfactants and the system energy are recorded to a histogram from which the probability distribution function, f (N,U), can be calculated. The probability distribution function can be expressed as a function of the microcanonical partition function, Ω, and the grand partition function, Ξ, as follows:
The inverse temperature is β = 1/k B T. The Ferrenberg and Swendsen method 61 uses simulations over a range of chemical potentials and temperatures to estimate the partition function within a multiplicative constant, C,
The unknown constant can be matched using the ideal gas equation of state at sufficiently low surfactant concentrations.
From the grand partition function, the pressure (P) can be calculated from the equation
The osmotic pressure (Π) of the surfactant in a two-component system is equivalent to the normalized pressure, J P/ϵT, calculated in this procedure, where ϵ is the energy scale and J is the volume of the surfactant. For the model of interest, J = 8, since the surfactant has 8 total sites, and
The change in the response of osmotic pressure to total concentration is an effective method for calculating the cmc and is one of the many ways it is calculated in experiments. 62 Calculating average cmc's was done by using 6 different sets of simulation histograms. Uncertainties for the cmc's from histogram reweighting were obtained by propagating the error from the graphical methods of finding the transition in Π, with the uncertainty from the average calculated from the 6 sets. It is imperative that histogram reweighting is done with histograms from simulations that have reached full equilibrium with respect to the number of surfactants in the system; this is significantly easier at high temperatures. Accurate calculation also requires that the low-concentration behavior closely obeys the ideal gas law and that the generated partition function can correctly reproduce average N and U from actual simulations, thus confirming that the histogram set that was used for construction of the partition function is internally consistent.
Cluster distributions were calculated for every simulation. A surfactant is considered to be part of a cluster if at least one of its tail beads is within the interaction range of a tail bead belonging to the cluster. This methodology was used previously. 27, 39 The sizes of clusters were tallied over the course of the simulation. The lowest volume fraction at which there is a separated, polydisperse micellarsized cluster distribution is one metric by which the cmc is determined. The cmc's calculated from the aggregation number distributions correspond to a range of values at each temperature, rather than a single value: the upper bound of this range is defined by the lowest ⟨ϕ⟩ where a micellar distribution is always observed, and the lower bound is defined as the highest ⟨ϕ⟩ where a micellar distribution is never observed, regardless of the initial state.
The local minimum, typically occurring at M ≈ 20, was identified for each simulation and used to measure the volume fraction of free oligomeric clusters (ϕ olig ). The volume fraction of free monomers and oligomeric clusters smaller than the minimum was added to get the ϕ olig for every simulation and averaged over 600 configurations. The maximum in the ϕ olig was used to calculate the cmc. Uncertainty in the cmc, as calculated by the maximum in the ϕ olig , originates from the statistical error in the measurement of ϕ olig over the 600 configurations, and the fluctuation of ϕ olig near the maximum. To account for the fluctuation, the maximum is calculated by averaging the ϕ olig values, from both the NVT and µVT simulations, within 10% of the highest ϕ olig recorded at a specific temperature. The 10% threshold was chosen because, for all temperatures, values of ϕ olig below the 10% threshold are below the maximum with certainty based on the measured ϕ olig . The uncertainty of the cmc is calculated by propagating the uncertainty from ϕ olig measurements within the 10% range.
C. Inaccessible volume calculation
The volume that is inaccessible to free oligomers is not simply that which is occupied by surfactants. There is an additional inaccessible volume in the vicinity of micelles, where a surfactant present will be considered part of an existing cluster, rather than a free monomer. In the present work, clusters are classified as a micelle or an oligomer by their aggregation numbers (M). The local minimum in the cluster distribution is the cutoff for an aggregate to be considered an oligomer or a micelle (M micelle ). For example, in Figure 3 , at µ = −45.5, the cutoff is 20. Clusters from simulation snapshots were identified using the HoshenKopelman algorithm. 63 For every simulation snapshot, a set of isolated "test" surfactant configurations were generated using the Rosenbluth and Rosenbluth algorithm. 64 The surfactant center-of-mass was calculated for each test configuration as the nearestinteger value. The fraction of configurations that result in overlap or association with an existing micelle was then determined for each lattice site. A site is deemed inaccessible in the following cases: (i) a bead in the monomer and a bead of a surfactant in a micelle co-occupy a site or (ii) the monomer becomes part of the micelle, i.e., a tail bead of the monomer is a nearest neighbor of a tail bead of a surfactant in the aggregate. Case (i) makes the site excluded to the monomer, while case (ii) makes it associated with the micelle. The inaccessible volume is defined as the sum of excluded and associated sites. The inaccessible volume was measured from 600 snapshots of each simulation run. From each snapshot, the inaccessible volume was calculated using 100, 50, 25, and 10 test monomer configurations at every site. We found that using more than 25 test configurations neither changed the average, nor improved the precision. Uncertainties for the inaccessible volume were calculated using Flyvbjerg and Petersen error analysis. 65 Typically 2-8 block transformations were required for the standard deviation to plateau. Larger micellar systems generally required more transformations than smaller systems composed of oligomers. Figure 1 shows a schematic of this algorithm, projected in two dimensions for simplicity. In the figure, three different monomer configurations are inserted in every site around the trimer aggregate shown. Excluded (case (i)) and associated (case (ii)) sites are shaded with different colors. A small aggregate is used here in order to make the schematic easy to follow; in practice, the inaccessible volume is only calculated for micelles, aggregates of significantly larger M.
III. RESULTS AND DISCUSSION
A. Quantitative measurement of the cmc
The osmotic pressure, Π, is a thermodynamic property that can be measured experimentally 15, 37, 38 or from simulations [39] [40] [41] to obtain the cmc. Figure 2 shows how Π varies with volume fraction (ϕ) at different temperatures for our model surfactant, as obtained from µVT simulations. At low ϕ, Π for all temperatures approaches the ideal-gas-law, manifested by a slope of unity (Π = 8P ϵT = 8N V = ϕ). The formation of micelles triggers a transition to a lower slope of Π vs ϕ, resulting from the fact that the dominant independent kinetic entities in solution are now multimolecular aggregates. The slopes of the Π vs ϕ curves above the cmc increase with temperature. These slopes are not system size dependent, which is a condition for micellization as opposed to a phase transition. 39 At low temperatures the micellar transition associated with the change in slope of Π is clear, but at high temperatures the precise volume fraction at which micellization occurs (ϕ cmc ) is unclear.
Many possible criteria for identifying the cmc using properties that vary upon micellization have been proposed in the literature. 33, 39, 66, 67 The cmc is frequently defined as the concentration at which micelles begin to form in the system, but another possible definition is to identify it as the concentration at which micelles and free surfactants have equal concentration -the two definitions differ by approximately a factor of two. The former definition is used in the present work. Floriano and co-workers 39 cmc as the point of intersection of the low-concentration and high-concentration limiting lines for the Π vs ϕ curves. In later studies, it was found that the location of the maximum in the second derivative of the Π vs ϕ curve is a better criterion. 16, 48, 49 In the present study, three additional metrics were explored in order to determine the optimal approach -all methods produce essentially identical results at low temperatures at which the transition is very sharp but start diverging at higher temperatures at which the transition is more gradual. We denote by "method I" the identification of the cmc as the concentration of surfactant for which the low-concentration and high-concentration limiting lines intersect, 39 "method II"
the maximum in the second derivative of Π ( max
, and "method III" the maximum in the curvature (κ)
"Method IV," by Carpena and co-workers, 67 was developed for conductivity experiments and defines a parameter in an integral of a sigmoid function fit for the cmc. It gives values typically lower than method III and higher than methods I and II. Finally, "method V" 66 defines the cmc as the intercept of the low-concentration limit and a horizontal line which intersects the zero in the second derivative of Π. This method gave cmc values consistently higher than those predicted by the other methods. Regardless of the differences in the magnitude of the cmc's, all the methods showed the same trend of the cmc with respect to the temperature. However, the magnitude of the cmc's calculated from method III are most consistent with the total concentration dependence of the aggregation number distribution and the free surfactant concentration. Thus, method III was the chosen definition of the cmc for Π vs ϕ curves. The differences from the earlier reported values are relatively small -for example, at T = 7, the earlier estimate of the cmc from Ref. 39 is 0.0089, 6% lower than the current value. The cmc volume fraction (ϕ cmc ) predicted by method III is shown in Table I as a function of temperature T and box size L. The consistency in results for the two system sizes studied is excellent; this shows that L = 15 is a sufficient size for accurate determination of cmc's in this system. The aggregation number distribution can also be used to calculate the cmc. A polydisperse distribution of larger aggregates, separate from the free oligomer distribution, is a necessary condition for micellization. The smallest concentration at which there is a minimum in the distribution that separates the oligomeric and micellar distributions is a method for measuring the cmc. 34 Large-scale simulations were performed in both the µVT and NVT ensembles, as described in Section II B. The same behavior shown in Figure 3 is seen in NVT simulations, by varying the volume fraction instead of the chemical potential. Specifically, the location and height of the micellar distribution agreed at the same ⟨ϕ⟩. Simulations were run at L = 40 and 60 with initial gas-like and micellar configurations. There was not a size effect in the cluster distribution except for small ϕ cmc . For example, at T = 6.5 the preferred aggregation number is 84 and ϕ cmc = 0.0045. Therefore, at least 84 surfactants need to be present in the system to form a micelle of preferred size. In this system, L = 40 and 84 surfactants correspond to ϕ = 0.0105, which poses an obvious system size effect; there are not enough surfactants to form a micelle at L = 40 for 0.0045 < ϕ < 0.105. Finally, the aggregation number distribution takes much longer to equilibrate at low temperatures. Inserting a surfactant into a micelle is unlikely at low temperatures and growing a micelle from an oligomeric cluster is even less likely. The aggregation number distributions were used to calculate ϕ olig to differentiate oligomeric and micellar aggregates. Figure 4 shows ϕ olig as a function of ϕ at T = 8. At low volume fraction all of the surfactants are in oligomeric clusters (ϕ = ϕ olig ), which corresponds to the ideal-gas behavior seen in the osmotic pressure curves. As mentioned before, and analyzed in Section III C, ϕ olig is nonmonotonic above the cmc. The onset of micelle formation causes ϕ olig to deviate from the straight line of unit slope, reaching a maximum and then decreasing as ϕ increases. The effect becomes more dramatic at higher temperatures and is analyzed in Section III C. The cmc is the lowest concentration where the system is not solely composed of oligomeric clusters, corresponding to the smallest concentration at which ϕ olig < ϕ. The maximum in the ϕ olig approximates this concentration, which is otherwise difficult to define from the ϕ olig curve. The maximum in the ϕ olig is justified as a definition of the cmc by comparison to the other cmc calculation methods later in this section. The ϕ olig was calculated in both the µVT and NVT ensembles, and at L = 40 and 60. This was done to assess if the decreases in ϕ olig above the cmc is equilibrium behavior. The impact of simulation ensemble and system size is discussed in Section III C. Figure 4 shows a comparison of cmc values obtained from the Π curve, aggregation distributions, and the ϕ olig curve. Note that ϕ olig and Π are on the same scale and are both dimensionless, a convenient result of the definition of Π. The color-filled symbols correspond to curves in Figure 3 . The cmc from the onset of a minimum in the cluster distribution separating oligomeric and micellar aggregates is between ⟨ϕ⟩ = 0.0309 (red) and 0.0333 (blue). The cmc, as defined by the aggregation number distribution, is thus within this interval (0.0309 ≤ ϕ cmc ≤ 0.0333) and the definitions from the maximum in ϕ olig and Π must be within the interval at T = 8.0. The maximum in ϕ olig is 0.0323, which is within the interval. Among the many methods that measure the cmc from the maximum in the curvature of the osmotic pressure, method III agrees well with the cmc calculated from the maximum in ϕ olig and the cluster distribution interval.
A comparison of cmc's obtained from the osmotic pressure, the free oligomer volume fraction, and the aggregation number distributions as a function of temperature is shown in Figure 5 . Deviations between results obtained through different physical quantities occurs for T > 8.0, the "high-temperature" region at which micellization becomes less sharp. This region is the subject of Subsection III B. Qualitatively, it is clear that at the point at which there is a minimum in the aggregation number curves (Figure 3) , there are already several micellar aggregates in the system. Thus, this measure is likely to give a concentration higher than that obtained from the osmotic pressure or the free surfactant concentration, both of which physically approximate the point at which the first aggregate forms in a large system.
Hysteresis at low temperatures is characterized by the large range of the cmc as calculated by the aggregation number. Some simulations at volume fractions near the cmc were hard to equilibrate, specifically, simulations initialized from gas-like and micellar aggregates resulted in different micellar peak heights and locations even after long runs. These effects added largely to the uncertainty of the ϕ cmc values from the maximum in ϕ olig at T = 6.5, which had large fluctuations near the cmc and uncertainty in the ϕ olig values as calculated from individual configurations. The range of values at higher temperatures in the cmc as calculated from the aggregation number distributions is due to the fact that a finite number of ϕ olig were simulated.
B. High-temperature limit for micellization
The response of properties to the micellar transition becomes less drastic as the temperature increases, which makes the precise determination of a temperature above which there is no micellar transition a challenge. In order to obtain a reliable free energy function from grand canonical simulations of micellizing systems, it is convenient to "link" states containing aggregates and states containing only free surfactants and oligomers through simulations at sufficiently high temperatures so that sampling of intermediate occupancy states can be performed reversibly. As observed already in Section III A, different methods for estimating the cmc give divergent results at temperatures approaching this limit. Figure 2 illustrates that at the highest temperature shown, T = 9.0, the osmotic pressure curve shows only a gradual change in slope, thus making it difficult to pinpoint the onset of the micellar transition. A comparable difficulty in cmc determination is present when using the aggregation number distributions, as illustrated in Figure 6 . The distributions are shown at ϕ = 0.15, a value higher than the extrapolated cmc value at T = 9.50 based on data at lower temperatures. As seen in the figure, there is no preferential aggregation number at T ≥ 9.5, the distribution is monotonically decreasing and extends to very large clusters. Specifically, the largest aggregate observed for T = 9.5 at ϕ = 0.15, the state shown in Figure 6 , has 2311 surfactants, while at T = 9.0 the largest aggregate observed has 1403 surfactants -these are outside the range of the M axis in the figure. This behavior is similar to that observed for homopolymers. Even though there are micelle-sized aggregates at these high temperatures, there is not a preferential value for the aggregation number. At even higher volume fractions, the system forms percolated (system-spanning) aggregates.
C. Effect of inaccessible volume on the free amphiphile volume fraction
In Section III A, the decrease in the free oligomer volume fraction was identified and proposed as one of the methods to calculate the cmc. An analysis of the cause for the decrease is presented in this section. Figure 7 is a snapshot of a typical micellized system. From the point of view of the monomers, the volume occupied by micelles is excluded. Because the radius of gyration of the monomers is greater than a single site, a volume near the micelles is also excluded. Additionally, FIG. 7 . Visualization of the inaccessible volume in a typical micellized system (L = 40, T = 7.0, and ϕ = 0.077). Solvophilic (orange) and solvophobic (black) beads are represented by spheres. The cyan structure around the micelles contains the volume that is not accessible to oligomers, as calculated by the algorithm presented in Section II C. The figure was made using PyMol. 68 voids within the micelles are not accessible, and neither are sites near exposed tail beads. If a monomer were to become associated with the micellar cluster, it is no longer considered free. For the configuration in Figure 7 , the inaccessible volume described is considerable, and drawn as a surface around the micelles.
The average inaccessible volume (V i ) was calculated using the method described in Section II C as a function of ⟨ϕ⟩ and T, for L = 40 and L = 60. A volume fraction of free oligomers not in the total volume but in the accessible volume may be calculated as ϕ olig,acc = ϕ olig (
and is presented in Figure 8 as open symbols.
The values for both ϕ olig and ϕ olig,acc shown in Figure 8 are independent of size, ensemble, and initial configurations. At the range of temperatures represented in Figure 8 , ϕ olig,acc is nearly constant. At higher temperatures, near and above the upper limit for micellization, ϕ olig,acc follows the ideal-gas trend until percolation occurs. The constancy of ϕ olig,acc above the cmc confirms the hypothesis that inaccessible volume is the main cause for the observed decrease in ϕ olig above the cmc.
There is a slight increase in the effect of inaccessible volume on ϕ olig at higher temperatures, due to the change in the size and shape of micelles as a function of ϕ and T. At low temperatures the micelles are large and dense, whereas at high temperature the solvent penetrates deeper into the micelle core. Micelles at higher temperature are more spread out, thus increasing the amount of volume excluded explicitly by surfactants in the micelles.
As stated already, the free oligomer or monomer concentration from a single simulation at concentrations above the cmc is often used in simulations to provide an approximation of the cmc. This has been shown earlier to be a poor approximation for ionic surfactants. 9, [18] [19] [20] Here, we show that this approximation can lead to significant errors for nonionic surfactants as well. For example, at T = 7.5, for an NVT simulation at ϕ = 0.0916 (approximately five times ϕ cmc ), the uncorrected oligomer volume fraction is ϕ olig = 0.0146. However, the actual value is ϕ cmc = 0.0182 ± 0.0005, as calculated by the maximum in the ϕ olig , and ϕ cmc = 0.0178 ± 0.0006 from the osmotic pressure. Thus, ϕ olig underestimates the true cmc by approximately 20%. Large-scale MD simulations of surfactants are often restricted to concentrations much greater than the cmc, so this correction needs to be taken into account for accurate cmc calculations.
IV. SUMMARY AND CONCLUSIONS
We have developed a method to calculate the volume made inaccessible to free surfactants in micellar solutions. We show that the concentration of free surfactants in the accessible volume is nearly constant above the cmc, whereas the concentration of free surfactants in the total volume decreases above the cmc. We thus conclude that, for nonionic surfactants, the decrease in concentration of free surfactants above the cmc is due to the inaccessible volume. These volume exclusion effects are not accounted for in mass-action-law descriptions of micellization. Because of the decrease in free surfactant concentration, simulation studies of nonionic surfactants restricted to concentrations far above the cmc need to take into account the inaccessible volume to obtain accurate estimates for the cmc. The impact of the inaccessible volume on ionic surfactants, for which solution ionic strength effects also come into play, will be the subject of future work.
Three methods for measuring cmc's from simulations of surfactant solutions were analyzed, namely through the maximum in the free oligomer concentration, the osmotic pressure of the solution obtained in grand canonical Monte Carlo simulations, and the presence of a minimum in the aggregate size distributions between oligomeric and micellar distributions. The maximum in the free oligomer concentration, as mentioned, is a result of the inaccessible volume. Because micelles become more compact and smooth at low temperatures, the effect of the inaccessible volume is less pronounced, and the maximum in the free oligomer concentration is more difficult to identify. Additionally, at low temperatures it is more difficult to reach equilibrium, because of the significant barriers to surfactant transfer between free solution and the interior of micelles. Reaching equilibrium at low temperature is also a challenge when calculating the cmc from a minimum in the aggregation number distributions, because these distributions cannot be reliably obtained. By contrast, cmc's calculated from the osmotic pressure using histogram reweighting can be obtained from considerably fewer simulations, using smaller system sizes. With fully equilibrated histograms (which require simulations over a range of temperatures), the cmc at low temperature can be reliably calculated. The main limitation of the osmotic pressure method is that it requires sampling in the grand canonical ensemble, which may not be practical for explicitsolvent realistic surfactant models.
As the temperature increases the cmc definitions begin to deviate from each other, since micellar aggregates become less sharply defined and the aggregate size distributions develop broad tails. These deviations signal the approach of an upper temperature limit above which micellization does not occur. This upper temperature limit for micellization can be obtained from aggregation number distributions well above the extrapolated cmc. For the H 4 T 4 surfactant, we find that this limit occurs approximately at T = 9.5.
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